The analytical solution of a many-body localization problem in a quantum Sherrington-Kirkpatrick spin glass model in a random longitudinal field is proposed matching the problem with a model of Anderson localization in a Bethe lattice. The localization transition is dramatically sensitive to the relationship between interspin interaction and random field revealing different regimes in which the interaction can either suppress or enhance the delocalization. The localization is enhanced by decreasing the temperature and the localization transition shows a remarkable universality in a spin glass phase. The observed trends should be qualitatively relevant for other systems showing many-body localization.
Introduction
Many-body localization has remained a primary focus of research for over a decade. Delocalized and localized regimes have qualitatively different thermodynamic properties. In the former case the whole system acts as a thermal bath for each small part of it [1, 2] while in the latter case different parts of the system are approximately independent and can be characterized by related integrals of motion [3] . The crossover between two regimes has been considered in different physical systems [4] including quantum defects in a 4 He crystal [5] , anharmonic vibrations in polyatomic molecules [6] [7] [8] , interacting electrons in Anderson insulators [9, 10] and quantum dots [11, 12] , spin excitations in semiconductors and cold atomic systems [13] [14] [15] [16] [17] and in periodically driven systems [18] [19] [20] . Many body localization can be significant for quantum informatics [4, 21] because localization protects the quantum information while chaotic dynamics inevitably destroys it.
The many body localization (MBL) problem for interacting spins or particles can be formulated similarly to a single particle problem [22] . The system Hamiltonian H can be separated into an integrable static part H 0 and a dynamic perturbation λ V . The integrable Hamiltonian H 0 has eigenstates represented by the products (or Slater determinants) of independent single particle or spin states of N particles or spins with given population numbers n i or spin projections S z i to the quantization axis z. A perturbation λ V causes the transitions between those states. The quasistatic Hamiltonian can be further separated into a pure random field and an interparticle interaction (e. g. binary spin-spin interaction) which is responsible for the "many-body" nature of the problem.
The integrability of a zeroth order problem ( H 0 ) can be expressed in terms of integrals of motion [3] (population numbers n i or spin projections σ z i for a zeroth order problem). These integrals of motion should be weakly disturbed when λ ≪ 1. The delocalization takes place at sufficiently large perturbation λ > λ c . Delocalized eigenstates are represented by combinations of a macroscopic number of zeroth order product states which is comparable to the total number of states uniformly spread over the phase (Fock) space. The phase space intersections of delocalized states should lead to their level repulsion and consequently a Wigner Dyson statistics of their energy levels. This statistics is considered as a signature of chaotic and ergodic behaviors in a quantum many-body problem [2] similarly to a single particle problem [23] .
An MBL problem is yet more complicated compared to a single particle problem. It is very difficult for numerical studies because a number of many-body states grows exponentially with the system size [24, 25] . Therefore analytical solutions are very significant for understanding MBL. The exact analytical solution exists for the localization problem on a Bethe lattice (see Refs. [26] [27] [28] [29] and Fig.  1 .a representing a Bethe lattice) and this solution can possibly describe many-body localization because of similarities in the phase spaces [9, 10, 25] .
It turns out that a reasonably accurate matching to the Bethe lattice problem can be attained in the presence of a strong diagonal interaction between particles or spins as it was shown in a quantum random energy spin glass model [30, 31] . Many-body localization in this model can be almost precisely described by the solution of the matching Bethe lattice localization problem.
However, a random energy model has certain features of a single particle problem which are not typical for a many-body problem. In that model a single spin flip leads to a change in total energy comparable to that energy itself. This is the consequence of the lack of correlations between diagonal energies for all states which significantly simplifies the analytical solution of the problem. Such behaviour is typical for a single particle problem while in a large many-body system the energy change associated with a single particle excitation is much less than the energy of the system itself. Because of this difference the localization transition in a random energy model can be dramatically sensitive to a system energy and temperature which might not take place in more realistic settings. A quantum random energy model contains only two parameters including interspin interaction and transverse field, responsible for spin flips, while the typical MBL problem contains static disorder, many-body and dynamic interactions. These shortcomings limit the applicability of analytical results for random energy model to the MBL problem. In this work one more step towards analytical solution of the realistic MBL problem is suggested considering this problem in a quantum Sherrigton Kirkpatrick (SK) spin glass model [32] in a random longitudinal field.
The advantages of this model include a finite energy change associated with a single spin flip which makes it closer to realistic systems. The problem can still be resolved analytically at finite and infinite temperatures in spite of strong correlations between energies of coupled states. Moreover the obtained solutions identify and separate effects of disordering and interaction on the MBL transition and the obtained parametric dependencies for that transition should be transferable to a large extent to more realistic problems with a short range interaction. The SK model still has shortcomings including an infinite-range interaction and consequently vanishing of localization threshold in a thermodynamic limit. However, the transition is expected to get sharper with increasing the system size and therefore the theory is still potentially applicable to other MBL transitions.
Although in the case of an infinite range of interaction the concepts of space or location are not applicable to a system dynamics, it is still relevant for a variety of physical systems including for instance delocalized electrons in quantum dots [11, 12] . The localization-delocalization transition is considered in the Fock space of independent particle product states and it describes the transition between non-ergodic and chaotic (ergodic) behaviors. While the infinite range interaction is hard to realize in real spin systems it is possible to use trapped cold atoms to create a similar setup [13] [14] [15] and the theoretical predictions of the present work can be hopefully tested in those systems. The theory is extendable to shortrange interactions as demonstrated in Sec. 6. The paper is organized as follows. The model is introduced in Sec. 2. The matching Bethe problem and its solution are described in Sec. 3. In Sec. 4 the main results of the work related to the MBL transition in a spin glass model at infinite temperature are described. In Sec. 5 these results are extended to finite temperatures. Another extension of the theory to the spin glass with a power law interaction 1/r α is discussed in Sec. 6 showing its consistency with previous work [14, 33, 34] . The conclusions are given at the end of the work in Sec. 7. Derivations can be found in the Supporting Information according to the references in the main text.
Model
The Sherrington-Kirkpatrick spin glass model [32] with a random binary interaction of infinite radius in a small transverse field and random longitudinal field is considered. The Hamiltonian of N interacting spins 1/2 repre-
The problem has three different energy scales associated with random fields φ i , interactions J i j and a transverse field Γ. Random fields are assumed to be independent, having zero average and possessing a Gaussian distribution with the width W . Interactions J i j are assumed to be independent and distributed according to the Gaussian law with a zero average and the root mean square J / N [32] (except for Sec. 6). The typical binary interaction will be also denoted as U = 4J / N for the convenience. The model is integrable at a zero transverse field and/or in the absence of interactions.
The work main target is to determine the localization threshold which can be expressed as the maximum transverse field Γ c where the system remains quasi-integrable or localized. Below, the results for this localization threshold are derived and compared to each other for the matching Bethe lattice problem and the model of interest, Eq. (1).
Matching Bethe lattice problem
The matching Bethe lattice problem for the spin glass model at an infinite temperature can be formulated as following. Each eigenstate |a > of the Ising model (Eq.
(1) at Γ = 0) can be characterized by the sequence of N spin projections to the z−axis a = {σ i a = ±1} (i = 1, ...N ). It corresponds to a single site in the Bethe lattice graph (see Fig. 1 (a) ). Each site is connected by the transverse field Γ to N other sites a k (k = 1, ...N ) different from the given state by a one spin flip (σ
It turns out that this problem can be resolved in the limit of a large coordination number N ≫ 1 where spinflip transition energies
can be considered as approximately independent (see Supporting Information, Sec. 8.1), averaging to zero and distributed according to the Gaussian law
Delocalization is determined by sequences of spin flip transitions which can be described within the forward approximation [25, 30, 31] equivalent to the selfconsistent theory of localization [22, 26] . The n th order forward approximation is determined by the sequence of n spin flips characterized by n transition energies for one, two and more spin flips (ǫ 1 , ǫ 12 ,... ǫ 12..n ). The contribution of this process to the forward approximation can be estimated with the logarithmic accuracy as
where P n (0, 0, ...) expresses a joint probability that all energy changes (ǫ 1 , ǫ 12 ,... ǫ 12..n ) are equal to zero (cf. [30] ).
In the case of a relatively small number of spin flips, n ≪ N , these energies can be approximated by ǫ 1,..k = k i =1 ǫ i where ǫ i is the energy of i th spin flip. This contrasts to a random energy model where all energies for k spin flips are determined by energy differences Φ k − Φ 0 representing final and initial states respectively and all energies Φ k are independent of each other.
Assuming that energies of different spin flips, ǫ k are approximately independent of each other and characterized by distributions Eq. (3) one can evaluate the probability P n (0, 0...) as
so it can be replaced with the product of n independent probabilities as in the problem with uncorrelated energies [22, 26, 30] . The similar result has been earlier derived for electrons in quantum dots in Ref. [35] . The more accurate analysis given in the Supporting Information, Sec. 8.1, confirms the validity of decoupling of the probability P n into the product of n independent factors p(0) in the Sherrington-Kirkpatrick spin glass model at an infinite temperature, while at a finite temperature exceeding the glass transition temperature these correlations can slightly suppress the localization (see Sec. 5).
The localization transition can be determined using the divergence of a forward approximation, Eq (4), at large n. Using Eq. (5) one can evaluate the localization threshold in terms of the critical transverse field Γ c as
The more accurate derivation of the localization threshold for a Bethe lattice problem is given in the Supporting Information, Sec. 8.2. The critical transverse field Γ c given by Eq. (6) vanishes in the thermodynamic limit of an infinite system (N → ∞) as (N ln(N )) −1 in contrast with the localization Copyright line will be provided by the publisher threshold in a random energy model at a finite temperature that remains finite [30] . I believe that this regime is still important since the same trend takes place in many systems of interest including interacting electrons in quantum dots where the localization threshold is determined by interlevel splitting vanishing in the thermodynamic limit [9, 25, 36] . Moreover one can expect the narrowing of the relative width of the localization transition ∆Γ c /Γ c to zero with increasing N . Indeed, the delocalization in the Bethe lattice problem can be associated with the divergence of the forward approximation which can be expressed by the infinite power series with n th order term behaving as (Γ/Γ c ) n [22, 29] . In the finite system the maximum contribution is given by n ∼ N and it scales as (Γ/Γ c ) N . The exponential growth in the number of resonances indicates that delocalization begins at Γ = Γ c and the number of resonances substantially exceeds unity at
Thus the finite size width of the transition is expected to scale as Γ c /N and a relative transition width ∆Γ/Γ c approaches zero within the thermodynamic limit. Therefore one can still talk about the localization transition in spite of a vanishing localization threshold in a thermodynamic limit.
Spin glass model
The consideration begins with the infinite temperature case where the transition energy distribution has a Gaussian form Eq. (3) and any correlations between different transition energies can be neglected. In contrast to a random energy model [30] the localization criterion Eq. (6) obtained for the Bethe lattice problem cannot be transferred directly to the model Eq. (1) because it does not distinguish between spin-spin interactions and random fields. This is the consequence of the lack of interference between different paths in the Bethe lattice problem relative to that which takes place in the spin glass model (see Fig. 1 . b).
The interference takes place because the spin flips occurring in different orders lead to the same final state (see Fig. 1 (b) for two spins) while different sequences of transitions in the Bethe lattice lead to different states. n transitions from the given product state in the spin glass model corresponds to n spin flips leading to The significance of such interference can be illustrated considering flips of two spins a and b characterized by spin flip energies ǫ i and ǫ j (see Fig. 1 (b) ) occurring in a different order. The matrix element of the transition from the initial state to the state with both flipped spins i and j can be evaluated using second order perturbation theory as the sum of two path contributions
The perturbation is most efficient under resonant conditions where the total energy change ǫ i j after two flips approaches zero. This energy can be expressed as ǫ i j = ǫ i + ǫ j −U i j where the interaction term U i j is defined as
are spin projections in the initial state [37] . In the case of a weak interaction U i j < ǫ i , ǫ j a destructive interference suppresses second order transitions.
A resonant interaction takes place for spin flip energies ǫ i or ǫ j ∼ Γ. Consequently interference does not affect resonances for two spin transitions if the spin-spin interaction U = 4J / N (here and below the notation U stands for the typical binary spin-spin interaction) exceeds a resonant energy given by the transverse field Γ. In the case of interest Γ ∼ Γ c this field is given by the characteristic minimum spin flip energy per the state, (6)). The destructive interference can be ignored in the case of the strong interaction defined as
The weak interaction case takes place in the opposite regime of U ≪ 1/(N p(0)). Below these two regimes are treated separately.
Strong Interaction
Here the localization in the strong interaction regime at an infinite temperature is considered at a semi-qualitative level, while more accurate derivation using a self-consistent forward approximation can be found in the Supporting Information, Sec. 8.3. Qualitatively the strong interaction regime can be defined as following. Assume that the characteristic random field W exceeds the interaction strength J ∼ U N . Then one can remove spins with large spin flip energies ǫ > ξW from the consideration assuming them to be slow compared to other spins. 
is much greater than unity in the strong interaction regime and this regime can be thus reduced to the spin glass problem with a small random field. Particularly in the strong interaction regime the spin glass transition temperature is given by
while there is no spin glass transition in the weak interaction limit where N mi n ≪ 1.
Below the results of the n th order forward approximation are introduced for the strong interaction regime, then the applicability limits for the forward approximation are established and finally the expression for localization threshold is derived.
An n th order forward approximation.
For n spin flips determining the n th order forward approximation the scale of n−spin interaction can be estimated as U n ≈ U n. This energy gives the upper limit for the maximum spin energy where destructive interference is still avoided (cf. Eq. (7)) suggesting that all n! spin flip permutations for the given spin sequence contribute to independent resonant interactions. Consequently, the maximum energy in the logarithm in the definition of the localization threshold for the Bethe lattice in Eq. (6) should be replaced with U n leading to the estimate of the n th order contribution to the forward approximation in the form
The delocalization threshold in the n th order forward approximation can be found setting X n ≈ 1. This yields
The prefactor η n changes between 1 for n ≪ N and e for n → N . These results are applicable until the forward approximation is valid. It fails for very large n as discussed below.
Validity of a forward approximation
The forward approximation skips spin flip sequences involving several flips of the same spin. This can be formally justified by the large coordination number N which is true for a small number n of spin flips. The involvement of a new spin in the n + 1 st step occurs with the probability proportional to the number of available spins (N −n) while there are around n choices for the second flip of one of already used spins. However the energies of remaining N − n spins are distributed within the energy domain (−W,W ) while the flipped spin energies do not exceed the n−spin interaction U n = U n ≪ W which makes the resonance probability greater by the factor W 1 /U n for the "backwards" process. Consequently, multiple flips of the same spin are significant in the case
Thus the forward approximation is valid only for n < N mi n (cf. the analysis of interacting resonances in Ref. [36] ). This is also demonstrated in a more quantitative manner using the Green function method in the Supporting Information, Sec. 8.3.2. According to Eq. (12) in the case of a small random longitudinal field, W ≤ J = U N , the forward approximation is valid until the number of spin flips approaches the total number of spins (N mi n ∼ N ). In the opposite case the maximum number of spin flips is limited to the number of spins N mi n obtained for the rescaled problem with the interaction comparable to a random field, Eq. (9) . Below the localization in the model with weak random field is considered first and then the results are extended to stronger randomness.
Localization threshold for small random field
In the case of a small random field, W ≤ J , the forward approximation is valid until the number of spin flips is less than the total number of spins, n < N . The localization threshold can be estimated using Eq. (11) either considering its minimum for Γ cn with respect to n realized at n ∼ N /ln(N ) or exploiting the limit n ∼ N where the forward approximation is still approximately valid. The first estimate coincides with the logarithmic accuracy with the estimate for the equivalent Bethe lattice problem, Eq. (6), while the second estimate can exceed it by a factor η n ranging between 1 and e (see Eq. (11)). It is originated from the reduction of the number of system pathways expressed by the factorial term for large n ∼ N .
The present method cannot distinguish between these two estimates since the theory does not go beyond the forward approximation. Although a substantial delocalization in the Fock space involving practically all spin flips can already be expected for Γ > Γ c,B (Eq. (6)), it can be insufficient to ensure a truly chaotic dynamics charCopyright line will be provided by the publisher acterized by the Wigner Dyson energy level statistics [2] which does not necesserily takes place in the Bethe lattice problem [39] . A true ergodicity might need the interference of many resonant paths which requires n ∼ N , where some increase of the localization threshold compared to the Bethe lattice estimate in Eq. (6) can be expected according to Eq. (11).
The latter expectation is consistent with numerical studies of localization transition in high dimensions [40] using the Wigner Dyson statistics as the delocalization criterion. These studies show that the localization threshold behaves in a qualitatively similar manner to the predictions for the Bethe lattice but exceeds the related theory predictions by the factor of 2 possibly due to the parameter η n in Eq. (11) .
Consequently, the present theory can estimate the localization threshold within accuracy of the unknown fac-
The factor η can be determined in future numerical and/or experimental studies. I will use η = 2 in the future discussions in accord with the numerical studies [40] .
Large random field
In the case of a large random field compared to the spinspin interaction, W > J , the n th order forward approximation is valid in a sufficiently small order n, such that n < N mi n ≈ N (J /W ) 2 , Eq. (12) . Consequently the localization threshold expression given by Eq. (11) at n = N mi n given by Γ c = 1/(4N p(0) ln(N mi n )) can serve as a lower estimate for the threshold.
An upper estimate can be obtained considering the localization in the rescaled problem where only spins with spin flip energies comparable or less than J 2 /W are left as described in the beginning of this section. This case can be described by Eq. (13) with the reduced number of spins N mi n given by Eq. (9) . The delocalization in the resonant subsystem of N mi n ≫ 1 spins should be sufficient to stimulate the irreversible dynamics of all remaining spins which interact with this resonant subsystem as with an ergodic bath. Considerations of the similar problems in Refs. [36, 41] for particle transitions induced by the energy exchange with the bath are completely applicable here taking the advantage of the fact that the bath level splitting decreases exponentially with the number of spins. Consequently one can describe the localization using Eq. (13) with the modified logarithmic factor as
leaving a small uncertainty in the numerical constant factor η that should not exceed 2 (cf. [40] ). The case of a weak interaction cannot be reduced to the model with a small random field. The delocalization in this case takes place at substantially larger transverse field compared to W /N due to the pairwise interactions of spins as described below.
Weak interaction
In the weak interaction regime spin-spin interactions U are smaller then a transverse field Γ. One can then restrict the consideration to spins with flip energies smaller than ξΓ (ξ is a scaling parameter, ξ > 1) assuming other spins to be slow. Then the number of remaining spins scales as N ξ = N ξΓ/W and their interaction scales as
3 which is smaller then the transverse coupling Γ. Indeed the scaling factor of ξ is of order of unity, the second factor under the square root is of order of unity near the localization threshold given by Eq. (16) and the third factor is small in the weak interaction limit opposite to Eq. (8) . Therefore the spin-spin interaction is less than the transverse field and one can approximately diagonalize each individual spin Hamiltonian in its transverse and longitudinal fields. The equivalent Hamiltonian can be set in the form [33] 
Here energies ǫ i represent independent spin flip energies distributed uniformly in the domain (−ξΓ, ξΓ). The delocalization is associated with the flip-flop terms σ interaction there are flip-flop transitions characterized by an energy change equal to a two spin flip energy difference, which can be made arbitrarily small [42, 43] .
Each product state with fixed spin projections is coupled to N 2 ξ /2 other states with the coupling strength U (ξ ∼ 1). Consequently delocalization takes place at around one resonant interaction per state, i. e. N 2 ξ U /Γ ∼ 1. The conservative estimate using the matching Bethe lattice problem with logarithmic factor determined similarly to the case of a strong interaction results in the expression (see Supporting Information, Sec. 8.4)
There is no logarithmic factor in the localization threshold expression in contrast to Eq. (14) because the interaction is comparable to the transition amplitudes in Eq.
. The results are valid until Γ c ≪ W . In the opposite case Γ c ≫ W corresponding to a very strong random field, W ≫ J N 3/2 , off-diagonal interaction dominates making the problem similar to the X − Y model. In this regime I would expect a stronger increase of the threshold field Γ c with disordering strength W then in Eq. (16) because of the specific of delocalization in the XY model [44] . The analysis of this regime in detail is beyond the scope of the present work.
Discussion
Thus at the infinite temperature the localization threshold behavior can be described by Eqs. (14), (16) in the regimes of weak and strong interactions, respectively. It is convenient to express dependencies of Γ c on the random field strength W and interaction U separately to examine the localization threshold dependence on these parameters. Then the results in Eqs. (14), (16) can be presented together as
where a random field parameter W enters together with the number of spins N in the combination W /N estimating a typical minimum field for one out of N spins. This minimum field is most suitable for the resonant interaction. The unknown numerical factors are chosen as η = 2 (cf. Ref. [40] ) and η 1 = 1. For this choice of parameters two behaviors for weak and strong interactions are approximately consistent with each other (see Figs. 2, 3) at the border line between two behaviors set at
where the product Γ c ln(U /Γ c ) reaches its maximum with respect to Γ c . The dependencies of the localization threshold Γ c on the random field strength W are shown in Fig. 2 . As it can be expected the localization domain increases with increasing random field. At small fields, W < J , the dependence of localization threshold on the field is weak because disordering is mostly induced by the spin-spin interaction. At larger fields localization threshold shows a universal dependence on the relative disordering parameter W /N increasing proportionally to W /N in the Copyright line will be provided by the publisher strong interaction case (W < U N ) and proportionally to (W /N ) 2 in the weak interaction case (U N < W ).
The dependence of the localization threshold on the inter-spin interaction U shown in Fig. 3 is more complicated. In the weak interaction regime U < W /N the localization threshold Γ c decreases with increasing U as U −1 , emphasizing the dramatic significance of interactions for the delocalization. In the intermediate regime W /N < U < W / N the localization threshold decreases logarithmically with increasing interaction. Here the interaction strengthens delocalization while suppressing destructive interference ( Fig. 1. b) . In these regimes, the localization threshold shows universal behavior at fixed relative disorder strength W /N . At strongest interaction U > W / N localization threshold increases proportionally to the interaction because interaction determines disordering in this regime. The consideration of the localization transition at infinite temperature is the main goal of the present work. Below I briefly discuss the extensions of theory to finite temperatures and power law interactions.
Finite temperature
Many-body localization should be sensitive to the temperature. Indeed, the number of accessible states with close energies decreases with temperature which should make the localization easier. It is also natural to expect a strong sensitivity of localization to a spin glass transition that can take place in the model under consideration. Below the high temperature paramagnetic phase and low temperature glass phase are discussed separately.
Paramagnetic phase
The theory can be extended in an almost straightforward manner to the paramagnetic phase of the spin glass model without a longitudinal field, W = 0. The forward approximation can be applied to that model using the distribution of n transition energies ǫ 1,...n near 0 (cf. Eq. (5)) evaluated in the Supporting Information, Sec. 8.1 as
Here p T (0) is the temperature dependent probability of a zero spin flip energy given by [45] 
and the second factor in the right hand side of Eq. (5) accounts for the contribution of spin-spin correlations to the probability distribution. The factor η f (n) approaches unity for n ≪ N . It decreases with increasing n reaching the minimum, η f (N ) = 0.7, at n ≈ N . Using Eq. (18) one can estimate the temperature dependent localization threshold in the n th order forward approximation as (cf. Eq. (10))
Since the forward approximation is not fully applicable to very large n ∼ N one can describe the localization threshold similarly to Eq. (14) introducing two unknown parameters of order unity
where the factor η accounts for the factorial term contribution and the factor η f is due to correlations in spin flip energies. Since the latter factor originates from the factor η f (n) in Eq. (21) 2 , always leading to the increase of the localization threshold with decreasing the temperature. In Fig. 4 the temperature dependence of the localization threshold for W = 0 is shown using the previously chosen parameter η = 2 and the correlation parameter η f = 1 corresponding to the strongest temperature dependence. More accurate analysis of the localization threshold temperature dependence awaits further numerics. If the localization transition takes place at some temperature T (T f < T ) the system possesses the mobility edge at the corresponding energy which can be expressed as E = −N J 2 /(2k B T ) [32] . The states in the energy domain (−E , E ) are delocalized while other states are localized. This observation of many-body mobility edge is consistent with earlier findings in a random energy model [30, 31] and conflicts with the general arguments of Ref. [46] suggesting that the local fluctuations into the ergodic phase within the supposedly localized phase can serve as mobile bubbles that induce global delocalization. Such local fluctuations are lacking in the present model possessing an infinite interaction radius. The extension of the mobility edge consideration to the systems with short-range interactions is beyond the scope of the present work.
In the case of strong random fields W ≫ J , yet strong interactions, W < U N (Eq. (8), the system undergoes a spin glass transition at the temperature T f ≈ 4J 2 /(3 2πW k B ) (cf. Ref. [38] ). In a paramagnetic phase one can expect the increase of the localization threshold with decreasing the temperature qualitatively similar to Eq. (21) due to the reduction of the phase space. The accurate analysis of this dependence is beyond the scope of the present work. For the sake of simplicity the temperature dependencies in paramagnetic phases for finite random fields are skipped in Fig. 4 . If the interaction is weak there is no spin glass transition and spin-spin correlations can be approximately neglected. Then the infinite temperature results, Eq. (16), should be approximately valid until thermal energy is much bigger that the threshold field
At lower temperature the localization should take place at Γ < k B T while at Γ > k B T spins are frozen out in their ground states. Therefore I expect the system to be localized at any transverse field in the low temperature limit k B T ≪ W /(J N 3/2 ).
Spin glass phase
In a spin glass phase the system occupies one of the local energy minima (valley), where most of spins are frozen out [32, 47] . Yet there are spins with energies comparable to the thermal energy which can be in both localized or delocalized states. The number of such "thermal" spins N T can be approximately evaluated using the spin flip probability energy density p T (0) at zero energy as N T = N p T (0)k B T . This probability density has been determined numerically in the spin glass phase (in the absence of longitudinal field) as [45] (see also Ref. [47] )
where p f (0) refers to the glass transition point T = T f . The interaction of spins J T = J N T /N scales as the thermal energy suggesting that these "thermal" spins are near the spin glass transition in the subsystem limited to those spins [47] . Consequently the localization transition for these spins can be approximately described using Eq. (20) with the factor p T (0) given by Eq. (22) . This yields
Since the spin glass phase is universal with respect to random longitudinal fields [38] the same expression should be approximately valid for spin glasses subjected to random longitudinal fields so many-body localization transitions at different field strengths W should be described by the same equation below the glass transition temperature. (21), (23)).
The temperature dependence of the localization threshold is shown in Fig. 4 for different strengths of random fields (η = 2 and η f = 1 are chosen as previously discussed). The results are applicable until the interspin interaction energy is less than the thermal energy J / N ≪ k B T . At lower temperatures the system occupies one of the degenerate ground states. The delocalization described above includes only around 2 N T manybody states corresponding to the local energy minimum under consideration while other minima are separated from it by macroscopic energy barriers. Since the statistics of overlaps between different valleys and potential barriers separating them is not quite clear [47] [48] [49] [50] the analysis of the problem of coupling between different valleys due to the transverse field in the spin glass phase is left for future studies.
Power law interactions
Here the case of the power law interaction between spins is considered qualitatively in the model Eq. (1) with a modified distance dependent interspin interaction,
Copyright line will be provided by the publisher in a d-dimensional lattice with the period a. Interaction constants j i j are set to be all random, uncorrelated parameters of order of J 0 . A random field is assumed to be strong, W ≫ J 0 . It is also assumed that α > d to avoid a single particle delocalization [22, 51] . Consider the effect of interaction at long distances on a delocalization. For the sake simplicity one can replace all interactions with the one at the maximum distance r ∼ aN
It turns out that the modified system matches the weak interaction limit of the spin glass model with the long range interactions since the interspin interaction is less than W /N (remember that it is assumed that W > J 0 and α > d). Then one can estimate the localization threshold using Eq. (16) as
Eq. (25) predicts the localization threshold decreasing to zero in the thermodynamic limit (N → ∞) if the interaction exponent is less than twice the system dimension (α < 2d) in a full accord with the early theory's predictions [42] , while in the opposite case the theory is not applicable since Γ c exceeds the random field strength W . In the case α < 2d the threshold field decreases with the sys-
in a full agreement with Ref. [33] . Also it turns out that the parametric dependence of the estimate Eq. (25) is consistent with the analysis of Ref. [34] . This can be shown by considering only resonant spins (|ǫ i | < Γ, see Eq. (2)) and introducing the flip-flop interaction between them following Ref. [33] . The number of these spins s given by N * ∼ N Γp(0), their interaction at the average distance takes the formŨ ∼ J 0 (p(0)Γ) (25) . Thus the suggested method leads to the results agreeing with the previous studies so it is potentially extendable to short-range interactions.
Conclusions
The localization-delocalization transition is investigated in a Sherrington-Kirkpatrick spin glass model with random longitudinal and small transverse fields. The localization threshold expressed in terms of the critical transverse field Γ c has been estimated by exploiting the similarity of the problem to the exactly solvable localization problem on a Bethe lattice. The localization transition is sensitive to the relationship of inter-spin interactions U and random field W , leading to three distinguishable regimes (see Fig. 3 ). If the typical spin-spin interaction is weak compared to the characteristic minimum random field per spin (weak interaction case U < W /N , Sec. 4.2) the interaction essentially determines delocalization and the critical transverse field Γ c decreases proportionally to the inverse interaction. In the intermediate regime of strong interaction and random fields (W /N < U < W / N ) the interaction is responsible for suppression of destructive interference, and the localization threshold depends on it only logarithmically. At strong interaction and weak random field (W / N < U ) the effective random field is determined by the interaction, and the localization threshold increases proportionally to the interaction. The localization threshold increases with decreasing temperature, approaching the universal behavior in the spin glass phase (Fig. 4) .
The technique developed in the present work can be extended to systems with short-range interactions as demonstrated by considering the power law interaction between spins. If the interaction radius R 0 in a ddimensional system is finite and exceeds an interatomic distance a it is natural to expect that a many body localization transition can be described using the present theory with a modified connectivity parameter K for the matching Bethe lattice problem, i. e. K = (R 0 /a) d instead of K = N as in the case of an infinite interaction radius. The modified dependencies should remain qualitatively valid after this substitution. The accurate analysis of this prediction is for future numerical and analytical challenges.
The results of the present work can be verified experimentally using ultracold atoms [13, 15, 17] 
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Correlations of spin-flip energies
Here the probability distribution of spin-flip transition energies is considered in a spin glass model without random fields at infinite and finite temperatures T , yet exceeding the spin glass transition temperature
It is shown that the correlations between energies can be always neglected at an infinite temperature. At finite temperatures T > T f they can be also neglected if the number of spin flips n is less than the total number of spins N while for n ∼ N they can slightly reduce the localization threshold. In the infinite temperature case the generalization of the results to arbitrarily external fields is straightforward, while the consideration of the finite temperature case in the presence of an external field is beyond the scope of the present work.
Consider n subsequent spin flips of a spin sequence {σ p }, p = 1, ...n, in some initial Ising product state a corresponding to the temperature T , T > T f characterized by the spin projections {σ i a } (i = 1, ...n). Then the energy change E p after flips of first p spins can be expressed as
The first sum is taken over all N − p remaining spins. To evaluate the joint distribution function, P n of all flip energies E p entering the forward approximation in the case of interest where these energies are close to zero one can use its Fourier transform as
where the averaging is always defined as < ... >= Tr e −βH 0 ... and β = 1/(k B T ) while the contribution of the transverse field Γ ∼ Γ c to thermal averages can be neglected since Γ c ≪ k B T . This result should be compared with the distribution assuming independent probabilities for all n energy changes used in the main body of the manuscript which suggests (this distribution is expressed in the main text in terms of the parameter W 1 = 2J in the case W = 0)
Since at T > T g spin flip energies obey Gaussian statistics [32, 47] one can express the Fourier transform in Eq. (27) as
Applying the mean field approximation to spin averages [45] and replacing the parameters J 2 i j with their averages J 2 /N (this replacement is justified by the law of large numbers for N , n ≫ 1 and it can still be used as an estimate in the case of n ∼ 1) one can express the exponent in the Fourier transform as
One can substitute Eq. (30) into Eq. (27) and perform integration over all variables t p . This yields
The localization threshold behavior can be described within the n th order forward approximation as Γ cn ∝ 1/(P n ) 1 n (see Sec. 4 in the main text). Then the correlations modify the localization threshold by the factor
If one neglects p/N ≪ 1 and q/N ≪ 1 in the definitions of the vector v and matrix M in Eq. (30) then it can be shown that η = 1 (see the main body of the manuscript) and there are no corrections to the localization threshold due to correlations. Consequently the correlation effect can be significant only for the number of spin flips comparable to the total number of spins, n ∼ N . Moreover since for the corrected matrix M one has det( M) = 1 − n/N the correction from the factor containing the determinant, (1 − n/N ) The temperature dependent exponent in the right hand side of Eq. (32) differs from 1 at n ∼ N as shown in Fig. 5 where the factor η is given at the glass transition temperature T = T f = J /k B (it is denoted as η f there and in the main text). The temperature dependent factor
and this equation is used in the main body of the present work.
At small number of flips, n ≪ N , one has η f (n) ≈ exp(−n/(2N )) ∼ 1 while this factor approaches 0.7 at n → N . This behavior can lead to some reduction of the localization threshold at a finite temperature as discussed in the main text.
Localization in the Bethe lattice with correlated site energies.
In contrast with the standard Bethe lattice problem [26, 30] with all non-correlated site energies Φ a the energies of adjacent sites of the spin glass model
given by eigenvalues of the Ising Hamiltonian H 0 different by a single spin flip are strongly correlated. Indeed the change of the Ising energy ǫ i defined as
due to a flip of some spin i is of order of W 1 = 2 W 2 + J 2 which is much less than the typical energy of the state a (Φ a ∼ W 1 N ≫ W 1 at T = ∞). Consequently the accurate solution of Ref. [30] is not applicable to the model Eq. (33) . However, the accurate solution is still possible if the correlations between different transition energies ǫ i Eq. (34) can be neglected. This is indeed the case for the large coordination number N ≫ 1. In the absence of spinspin correlations (an infinite temperature) the average squared transition energy is given by < ǫ 2 j >= W 2 1 while the correlation energy for two transition energies associated with flips of spins i and j is given by
Then following the law of large numbers one can describe the statistics of transition energies ǫ in Eq. (34) using independent Gaussian distributions
(see also the consideration in the previous section). Consider the model of fully uncorrelated transition energies independent of site energies. Then one can fix the energy of an arbitrarily Bethe lattice site at Φ = 0 and express the energy of any other site separated from the given site by n steps as a sum of n random uncorrelated transition energies. In the limit of an infinite Bethe lattice all possible energies in the domain (−∞, ∞) have equal chances to be realized so the site energy density of states P(E ) approaches zero which corresponds to the infinitely strong disordering. In the case of uncorrelated site energies this should lead to full localization [30] . However, this is not the case for correlated site energies.
Following the self-consistent theory of localization [26] one can express the single site a diagonal Green function as G a = (E − Φ a − Σ a ) −1 where Σ a is the self-energy.
The self-consistent equation linearized with respect to the imaginary parts of self-energies vanishing below the localization transition can be then written as [26] (more explanation is provided in the next section, where the forward approximation is considered)
Here the difference in coordination numbers between N and N − 1 is ignored since N ≫ 1 (cf. Ref. [26] (0)). The latter condition is satisfied near the localization transition
In the case of N ≫ 1 one has 1−2β ≪ 1 [26] so the integral in Eq. (37) over energies is nearly logarithmic. Then setting R = 0 one can rewrite Eq. (37) in the form
The second term can be neglected within logarithmic accuracy compared to the first one because of the compensation of the small denominator at |ǫ| → 0. Evaluating the remaining integral with the same accuracy one can obtain the equation for the localization threshold in the form
Similarly to Ref. [26] (see Sec. 6 there) one can show that the minimum of the right hand side of Eq. (39) is realized at β = 1/2 leading to the familiar definition of the localization transition [26, 30] 
where the typical random energy 1/p(0) is given by the characteristic spin flip energy rather than the site energy which is macroscopically large [30] .
The difference e/2 between the prefactors in the result of Ref. [30] and in Eq. (40) has the same origin as in two different estimates in Ref. [26] where the integration constraint is included (Sec. 6 there, cf. Eq. (40)) or ignored (Sec. 5 there). The integration constraint is included in the present work since it gives a better estimate for the localization transition in the Bethe lattice [26] . The addition of a similar constraint to the analysis of Ref. [30] will change the estimate for the localization threshold there by the same factor so two approximations are technically equivalent.
Correlations in site energies result in a dramatic suppression of localization in agreement with previous studies (see e. g. the review [52] and references therein). Further applications of the proposed solution to the localization problem with correlated disorder can be of interest. 
where 
where the states a kk ′ are obtained from the state a by flipping spins k and k ′ . The self-consistent equation [26] can be derived for the Bethe lattice problem from Eq. (41) introducing the diagonal Green function G k in the state a k (for the sake of simplicity G a k a k is denoted as G k ) ignoring the connection of this state to the state a which permits one to express the function G a k a as
If the function G a is taken by ignoring 1 out of N connections in the related graph (this corrresponds to the coordination number N − 1) the substitution of Eq. (43) 
The analysis of this equation performed in the previous section leads to the localization threshold given by Eq. (40) for the matching Bethe lattice problem. To examine the validity of the self-consistent approximation one can make one or more iterative steps expanding the offdiagonal Green functions G a k a in the same manner as it was done in Eq. (43) . As shown below these iterations lead to the forward approximation. Consider the second iteration in detail. It can be performed using the equation for the off-diagonal Green function G a kk ′ a which can be written as
Performing the same trick as in Eq. (43) one can express the solution to Eq. (45) as
Introducing the function λ k = G a k a /(ΓG a ) and substituting Eq. (46) into Eq. (42) one recovers the form
while the initial diagonal Green function can be expressed as
The localization transition is determined by the imaginary part of the self-energy ImΣ a = Γ 2 k Imλ k , while the real and imaginary parts of functions λ k satisfy equations following from Eq. (47), which can be written as
The forward approximation can be derived from this equation as follows. First the real part of the function λ is calculated to lowest order in Γ ignoring the real part of the self-energy similar to Ref. [26] where it is justified in the case of a large coordination number (here the coordination number is N ≫ 1). Then the first line in Eq. (48) takes the form
Second the imaginary parts of functions λ k corresponding to "backwards" processes involving several flips of the same spin are neglected on the right hand side of the second line of Eq. (48). Then using Eq. (49) one can represent this second line as
Substituting the results for Im λ k into Eq. (47) one can get the modified self-consistent equation for the selfenergy in the form
where Σ kk ′ is the self-energy for the diagonal Green function in the state a kk ′ . The energy Φ a kk ′ can be expressed as
where σ i a is the z axis projection of the spin i in the state a. Similarly one can derive the self-consistent equation performing n > 2 iterations and ignoring the corrections to the real part of the self-energy and backwards processes. It is convenient to introduce a more general function λ {k} = G a {k} a /(ΓG a ) where {k} denotes the sequence of spins flipped in the state a forming the state a {k} . Using this notation one can still express the diagonal Green function as G a = (E −Φ a −Γ 
where the sum is taken over all p! permutations {t } of the given sequence {k} p . Equations for the functions λ for n spin sequences {k} n can be formally solved using the diagonal Green function G {k} n for the states a {k}n similarly to Eq. (46) as 
where the sum in the first equation is taken over all N n sequences {k} n of n spins, while the second equation introduces the kernel function D as the sum taken over all n! permutations {t } of the given sequence {k}. The sequences {ǫ} k , {U } k represent transition energies and binary interactions for spins belonging to the sequence k. The structure of the n th order term is illustrated in Fig.   6 . The structure of the kernel function is identical to the n th order forward approximation [30, 31, 53] .
Eq. (57) can be analyzed using the same approach < e −sImΣ >= 1 − s β A as used in Ref. [26] . Then one can rewrite the equation determining the localization threshold in the form
where integration domains l are chosen to cutoff singularities in all denominators similarly to Eq. (37) , and the function g (x) is a Gaussian distribution with a zero average and root mean squared x equal to 4J / N .
The case β = 1/2 is examined below. This is consistent with the standard forward approximation and can be justified in the domain of the forward approximation given by Eq. (62) using the methods of Ref. [26] .
Each of n! terms contributing to the kernel function D in Eq. (58) corresponds to a permutation {t } of the sequence 1, ..n. It contains an n th order singularity in the denominator, realized at spin flip energies given by ǫ t 1 = 0, ǫ t 2 = U t 1 t 2 , ǫ t 3 = U t 1 t 3 +U t 2 t 3 , ...
The sum of n terms U i j is of order U n ∼ J n/N and therefore all spin flip energies ǫ i near singular points belong to the domain −U n ≤ ǫ i ≤ U n . Outside that domain the integrals over energies rapidly converge provided that β ≈ 1/2. This can be easily seen for n = 2 where the function D can be expressed as D = ΓU i j /(ǫ i (ǫ i +U i j )) and the integral over ǫ i converges at ǫ j ∼ U i j . The more general statement for n > 2 can be proved using the mathematical induction method so one can restrict the integration domains for integrals over energies ǫ i in Eq.
(58) to −U n ≤ ǫ i ≤ U n within the logarithmic accuracy. These integrals diverge logarithmically and the restrictions to the integration domains should be applied following Refs. [22, 26] . Since the characteristic maximum energy is given by the inter-spin interaction U n the integration domain for each factor in the denominators of the kernel function D in Eq. (58) representing the multiple spin flip energies is chosen with the logarithmic accuracy as (−U n , −Γ 2 /U n )∪(Γ 2 /U n ,U n ). In other words these energies should not approach exact resonances (Eq. (59)) closer than the constraint energy Γ 2 /U n (cf. Refs. [22, 26] ).
The prefactors in the definitions of integration domains and cutoffs are not very significant since all dependencies on them are expressed in logarithmic form.
Further simplification of Eq. (58) can be attained by setting R = 0 and making the resonant approximation as in Eq. (38) so the factors A(0) can be omitted in both sides. This leads to the equation determining the localization
